JOURNAL OF COMPUTATIONAL PHYSICS 3, 1-16 (1968)

Approximation of a Conditional Wiener Integral
Lroyp D. Fospick

Department of Computer Science, University of Illinois, Urbana, Illinois 61801
AND

Harry F. JOrRDAN

Department of Electrical Engineering, University of Colorado, Boulder, Colorado 80302
Received January 8, 1968

ABSTRACT

An approximation for conditional Wiener integrals, similar to Cameron’s “Simpson’s
Rule” for unconditional Wiener integrals, is developed. An alternate derivation of
Konheim and Miranker’s prescription for the development of higher-order formulas
is presented.

I. INTRODUCTION

With the growing power of computing machinery, the connection between the
diffusion equation and the Schridinger equation is being exploited for numerical
computations. Our particular interest has been in quantum statistical mechanical
computations which use this connection [1]-[3], others have used it for the com-
putation of atomic wavefunctions [4]. In one instance this is the only method
which has provided useful numerical solutions; namely, the three-particle com-
putations on helium. In the case of the quantum statistical mechanical computations
the Wiener integral is the mathematical foundation supporting the numerical work
which is, primarily, an evaluation of a certain Wiener integral. Thus an interest
has developed in techniques for making this evaluation and here certain of these
techniques are discussed.

There are two rather distinct aspects to these computations: one involves a
direct approximation of a Wiener integral; the other involves a Monte Carlo
sampling procedure. Here attention is directed at the first of these. One method for
direct approximation of a Wiener integral is based on a functional Taylor series
expansion [5], a form of which is known as the Wigner-Kirkwood expansion.
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This is the method which has been used in the three-particle computations. Another
method is a “Simpson rule” for Wiener integrals developed by Cameron [6] and
a generalization of this developed by Konheim and Miranker [7]. The Simpson rule
approach does not seem to have been employed in any interesting physics compu-
tations.

Cameron’s Simpson rule cannot be used directly for the type of Wiener integral
which arises in the quantum statistical mechanical computations. Here a simple
extension of Cameron’s idea is used to obtain a corresponding rule for these
computations. The application of the Konheim-Miranker generalization is also
described here along with an alternate derivation of their result.

J1. NOTATION AND BACKGROUND

Let r(7) denote a continuous function of =, with r(0) = 0; r(s) is called the path
variable, or simply the path, and 7 is called the time variable, or simply the time.
The function r(r; n) is regarded as an approximation of r(7) and is, in particular,
a piecewise-straight function of time with breaks in slope at

To < T < v << Tp—-1 < Tn - (1)
Also,
To = 05 Tp = ,B,
2
r0) =r(0;n) =0, r(f)=r(B;n) =R,
are regarded as constants in the limiting process below, and the notation
ri=r(r;;n) 3

is used. The conditional Wiener integral of a functional of the path, say, F[r(7)],
is defined as the limit

EFr@r® = B =lim [ - [ Flrte; m] dun, @

-—00

where

i = QP exp (32 11 |@rtris = maromexp (G2 =1 T a9

2751 — ;) =1
The measure du,, is a joint Gaussian probability and the normalization is such that

E{l|r(B) = R} = 1. ©
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Loosely speaking, this integral is an average of the functional F[r(r)], where the
average is taken over all continuous functions r(7) with r(0) = 0, r(8) = R and
the infinitesimals r(z -+ 8) — r(7) are governed by the joint Gaussian distribution
shown in Eq. (5). Sometimes the functional depends on other functions of the time
as well as the path, as in

Flar() + g(7)), M

where r(r) is the path, g(7) is some function of time and g is some constant. In
such a case the measure is still defined as in Eq. (5); confusion as to which variable
is the path in an expression, such as '

E{Flar(r) + gDl r(B) = R}, @®

can be avoided by noting that the end-point condition, here r(8) = R, always
exhibits the path variable on the left of the equality. The limit in Eq. (4) is inde-
pendent of the manner of subdivision of the time interval, so long as the points of
subdivision become dense as n — o0, but for convenience

Tiwn — Ti = Bn )

is assumed in the discussion below.

Several properties of the conditional Wiener integral which play an important
role in these computations are reviewed below. The first of these concerns a change
in the time scale. Suppose that a new time variable, 7', is defined by the relation

7 = pr, (10)
then

EFIr™)] | 1@ = B = E Flz )] 1@) = poR]. ()

The second of these properties concerns a change in the path variable. Suppose
that a new path variable, r'(7), is defined by the relation

r'(ry =r(r)+ A + 7B, 12)
then

E{Fr(m] 1 r(B) = R} = E{F[r'(r) — A — 7B]|r'(B)= A+ BB+ R}. (13)

These two properties can be combined to reduce all conditional Wiener integrals
to a standard form in which the time interval is (0,1) and the end-point condition
is r(1) = 0; thus,

E{F[r()]| r(B) = R} = E{F[f'/°r(r) + =R]| r(1) = 0}. (14
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A third property concerns the conditional Wiener integral of functionals of the
form 17, r(v.). The basic relations are

E zﬁl r(r) | r(l) = Og =0, (15)
E g[_lpl rr) L r(l) = OE =Y 166, ), (16)
b(r; i) = 71 — 74), (r: < i) 17)

where the sum and product on the right of Eq. (16) are to be understood as follows:
let 7, 75 ,..., T, be arranged into p pairs; then the product contains p factors of
the form b(r; , 7), one for each pair; the sum is understood to extend over all such
pairings; no 7, appears in more than one pair and the pair (,, 7)) is not dis-
tinguished from (7, , ;). To clarify the interpretation of Eq. (16) the result for
p=2is

E{r(rr(mr(rar(ry | r(1) = 0}
= b(Tl ’ 72)b(73 s 7'4) _{" b(Tl ’ T3)b(72 s 74) + b(Tl s 7'4)b(7-2 s 7'3) (18)
= 7(1 — m)73(1 — 7)) + (1 — 7)7e(1 — 79) + 7o(1 — T)7e(l — 73),

where 7, < 7, < 73 < 7, is understood.
Our interest is centered on functionals of the form

Flr()] = exp (— : V(r(r) dr). (19)

The reason for this is that the conditional Wiener integral of this functional is
known [8] to be the Green’s function for the Bloch equation

H¢ = —ad/ap. (20)
More specifically, let H be the Hamiltonian operator

1 d®

H:*za;g—i" v(r); 2D

then
@apyo exp (— K0 EFve) + R @) = R~ Ry

= Y IR (R)e %, (22)
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where the functional is given by Eq. (19) and {¥;} and {E;} are the eigenvectors
and eigenvalues of the Hamiltonian operator, Eq. (21). In the context of quantum
statistics, Eq. (22) is the basic formula linking a conditional Wiener integral with
the density matrix elements. Although the formulas displayed here apply to a
one-dimensional, one-particle problem, they apply equally well, mutatis mutandis,
to a three-dimensional, N-particle system; the appropriate equations for this
extension have been displayed elsewhere [3]. For simplicity most of the discussion
below applies to the one-dimensional (and one-particle) case.
The functional in Eq. (19) can be written

Fir@)1 = ] Ao, 23

Flr@) = exp (=7 V() dr). @4

T

This property has an extremely useful consequence; it allows the conditional
Wiener integral to be similarly factored, in particular

n—1

BTN 1) = 0) = [ [T E o)+ 7t =)+ ]

(1) = 0] dy,
25)

where: du, is defined in Eq. (5); =, = 0, 7,., = 1 and d(7/r) replaces dr in f;.
The important feature in this result is the factor 1/n!/2 making it possible to treat
r(7)/n*/? as small for large n and to use an expansion in powers of this quantity.
This statement must be read in a probabilistic context; r(7) can become arbitrarily
large, but the measure of the set of paths for which | #(v)| > M for some + can be
made as small as we please by making M sufficiently large. In computations the
result expressed in Eq. (25) is used in the following way: an approximation, based
on the fact that r(z)/n!/? is small, is constructed for each factor

Efi [o3m @)+ rl = )+ ]

r(1) = 0§, (26)

and Monte Carlo sampling is then used to evaluate the n-fold Riemann integral.
Here we are concerned with the first part of this process, namely the determination
of a suitable approximation for the factor Eq. (26).



6 FOSDICK AND JORDAN
IIT. SiMPsON RULE FOR CONDITIONAL WIENER INTEGRALS

Following the approach of Cameron [6], we seek an approximation for the
conditional Wiener integral which depends on the choice of a function p(y, 7)
having the property that

1 1
E{f x| x(1) = 0} =5 [ flp(w, D] @7)
when the functional is a polynomial of some degree, that is, when

P10 = o+ [ 3y dr+ [ [ arahtes 7 dr dry
11 1 (28)
4o f fo fo fo X(r)x(7) =+ X(Tu )Ty » Tg seurs Tn) dTy iy o+ diy .

In Eq. (27) it is seen that the essential computation features are that the path is
replaced by a function of two variables, ¥ and 7, and the Wiener integration is
replaced by integration (Lebesgue) with respect to the variable .

When the functional is a polynomial it follows, by an exchange of order of
integration, that

B 30 = 0) = o + [ Blata) | 1) = 0} ()
+ f: f: E{x(m)x(3) | x(1) = O} hy(r; , 7o) dridr,

ot [ [ B - xtm) | x(0) = 0
Py s Ta geeey Tn) ATy ATy -+ ATy, . 29)

The exchange of the order of the Wiener integration and the r-integrations is
justified as follows: for any k, hy(7;, 75 ,..., 7) is a4 constant with respect to the
Wiener integration, and x(7;) x(7,) -** x(7;) is integrable in the product space
composed of the domain of the paths and the domains of =, , 75 ,..., 7 ; con-
sequently, x(ry) x(73) -** x(7y) hx(7y, 75 ,..., T¢) is integrable in the product space
and Fubini’s theorem allows exchange of the order of integration. As a consequence
of Eq. (29) we can formulate the property described in Eq. (27) by

E{sr)x(r) =+ 3(r) | %) = 0 = 5 [ pl m)plty 75) = plt 72) s, (30)
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for k = 1, 2,..., n. The values of these Wiener integrals are well known and were
displayed earlier in Eqgs. (15) and (16).
Now consider the function

—r when r < wuandu >0,
p(u,7) = {1 —rwhenr >uandu >0, @31
—p(—u, 7) when u < 0.

It is easy to verify the following results:

% f 1_1 p(u, 7) du = 0, (32)
%fl_l pu, m)p(u, rp) du = 7(1 — 1)  (rp < 73), (33)

1 ¢t
D) f—1 pQu, )pu, 5)p(u, 75) du = 0 (ry <713 < 1) (34)

% f i—l P(u’ Tl)P (u’ TZ)P("» Ta)P(u, 7'4) du

=711 — 7)1 — 275 — 75 -+ 3757y) (<< ry<1). (39

Thus Eq. (30) is satisfied for £ < 3, and we conclude that p(u, t), defined by
Eq. (31), will satisfy Eq. (27) when the functional is a polynomial of degree three;
also, it will not be satisfied when the functional is a polynomial of degree four.
The analogy with the Simpson rule for Riemann integrals is clear, and it is for this
reason that we follow Cameron and call the approximation

E(FI) | x() = 0} 22 5 [ flplay )] d (36)

the Simpson rule for conditional Wiener integrals, where now the functional is
arbitrary.

Since there is nothing to suggest uniqueness for p(u, 7), it is natural to ask if
there is any other p(u, 7) satisfying the same conditions. Let us, for example,
consider

o — Byrwhenr <wuandu > 0,
p(u, 7) = {ay — Byr when 7 > yand u > 0, 37
—p(—u, 7y when u < 0.
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This is an obvious generalization of Eq. (31). With this choice of p(u, 7), straight-
forward integration shows that

1 o1
2] Pl e 72) d

= 7oy — /327'1)(0‘2 - ﬁz”'z) + (o — :817'1)(062 - ﬁsz)(Tz — 71)
+ (o — 3171)(0‘1 - /317'1)(1 — 73), (38)

and a comparison with the desired value, =,(1 — 7,), shows that the conditions
o = 0, By =1, a, = 1, By=1 (39)

are necessary; a trivial alternative is obtained by reversing the signs of oy , 81 , a3, S5 -
Thus among functions linear in =, with a single discontinuity, and antisymmetric
in u, the function defined in Eq. (31) is the only one which yields a Simpson rule.
Further generalization by adding discontinuities, and replacement of the linear
function in 7 by a polynomial of degree greater than one, also does not seem to lead
to a new Simpson rule.

Another way to carry out this search is by consideration of the Fourier series
representation of the path. This representation is [9]

x(r) = V2 i %sin (jm7), (40)

where the £,’s are independent Gaussian random variables with mean zero and
variance one. The sense in which this representation is to be understood is that

BUXO x(0) = 0 = tim [[ =+ [ (3, $sinGro)) i@, D)

where

dl®) = ] my e exp (—£22) .. “2)

The Fourier series representation of the function p(u, 7) defined in Eq. (31) is

) = )2 El 95—](%]”—“) sin(jrr)  (u = 0), @)

—p(—u, 1) (< 0)
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The comparison of Eq. (43) with Eq. (40) is interesting. It is seen that the cosine
functions replace the Gaussian random variables; therefore, it is natural to consider

) =25 ?ﬂj(f—”“l sin (jr7) (44)
=1 ™

as an alternative to be used in the Simpson rule. It can be shown that [10]

tim %, <297 _tog | 25in em2) |, @)
0 i
where the convergence is uniform on the open interval (0,2). Consequently, n(u, 7)
may be expressed
sin ((7 <+ w)w/2)

7](”, ’T) = log ' m)- . (46)

Now the question is: Are Egs. (32), (33), and (34) satisfied when p(u, 7) is replaced
by n(u, 7) of Eq. (46)? The answer is: Yes. To see this let us note first that the
integrals

b= [ o) d 1)
L= % [ 1_1 7, Ty, ) du, (48)
=5 J s it e 7) (49)

exist since the singularities at ¥ = 7 and —u = 7 are logarithmic. The function
7(u, 7) is antisymmetric in u; hence

L =1,=0. (50)

The evaluation of I, is simplified by making use of the relation

472 |, ot ) i

n

5 sin(jmu) sin(jwr,)
i=1 jm

n

5 sin(kmru) sin(krrr,)

1
= lim 2 o=

N0 -1

du, (51)

k=1

where the exchange of limits is allowed by the Lebesgue convergence theorem;
notice, for instance, that the partial sums on the left of Eq. (45) can be bounded
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by a function C log z when z is near zero. Using the expression on the right side
of Eq. (51) we have

) f_l §7n1 sin ) ;m( ) kZ; sin(kwug(:rin(kﬂfz) du
= ¥ (cos(jm(rs — m)) — cos(jm(ry + o)) [ (52)

F=1

The right side of Eq. (52) can be expressed in terms of an integral using

. Gos(jaa) G = = [

j=1

> GinGr) G| di 4§ Gm, (59

where z > 0; consequently,

5 f " s1n( Jjmu) sin( jmry) i sin(kmu) sin(kwry) du
a iz J = k
f 32 (sin(mt)) [Gim){ di. (54)
T2~71 \ j=1
The integrand can be summed [10], yielding
lim Y, (sin(jm))/(m) = (1 = 1)J2, (55)
j=1

the convergence being uniform on the open interval (0,2); note that the sum
vanishes at the end points.

We again use the Lebesgue convergence theorem and take the limit » — co first
and then integrate over ¢ in Eq. (54); this gives, with the help of Eq. (55),

Iy = 7/(1 — 7). (56)

Hence 7(u, 7) could be used in place of p(u, 7) in Eq. (36); however, it appears
that p(u, 7) would be easier to use in computations. Although we have not explored
the point further, it seems that other such functions could be discovered by this
line of reasoning; i.e., using orthogonal functions in place of the random variables
in the series on the right side of Eq. (30) and then summing the series.

1V. HIGHER RULES FOR CONDITIONAL WIENER INTEGRALS

Now we turn to the problem of finding an approximation for the Wiener integral
which is exact for polynomial functionals of degree greater than three. Konheim
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and Miranker [7] have shown a way to obtain such an approximation; here an
alternate derivation of their result is presented. Since the discussion is awkward
to follow because of the combinatorics, it will simplify matters to consider first
some special cases.

Let us define

O(u, 7y = cyp(tyy , 7) + copltty , 7), (57)

where, on the left, u is short for u, , u, and on the right, the functions p(y, , 7)
and p(u, , 7) are as defined by Eq. (31) and c,, ¢, are certain constants to be
determined. Now let us try to satisfy

1 41 o+
E(f ) 1 x() = 0 = 7 [ [ f(B(u ) diy diy (58)

when f(x(7)) is a polynomial functional of degree five. It is immediately evident
that Eq. (58) is satisfied when f(x(7)) is constant or a product of an odd number
of x(r)’s; notice that (u, 7) is antisymmetric in u, and u,. Consequently, only
two cases, when f(x(7)) is a product of two x(7)’s and when f (x(7)) is a product of
four x(7)’s, remain to be considered; this yields the conditions

1 a1
i) [ 6 16, 72) d iy = b(ry , 7), (59)
4).,7,4

1t 1
7] [ 00 76 78, 73)6Gu, 7.) diiy
4) 3704

= b(ry, To)b(75, T4) + b(1y, T3)b(7s , 7o)
+ b(ry, T)b(7y , T3). (60)

The integration on the left of Eq. (59) is easily performed and this condition becomes
2+ ¢t = 1. (61)
With the help of Eq. (57) the integral on the left side of Eq. (60) can be expressed as

(@ & [ o ol oot )pls ) d

1 .1
+ 2(ci’c?) fo fﬁ (p(uy > TPy 5 T2)p(Us , Ta)p(tts 5 74)

+ p(ul s TI)P(ul ’ T3)P(u2 s "'z)P(uz ) 7-4)
+ pluy , TPy , TOP(Uy , T)p(Us , 75)) duy du, . (62)
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It should be evident from this that the condition expressed by Eq. (60) is satisfied
when

o+ et = 0, (63)
and
et = 4. (64)
Equations (61), (63), and (64) are not independent; from Eq. (61),
(e + &%) =1, (65)

which with Eq. (64) implies that Eq. (63) is satisfied. Now it is easy to see that
Eqs. (61) and (64) are satisfied if ¢, and ¢,? are the two roots of

22—z+4+4=0. (66)

Consequently,

o =—5—, =5 (67)

will satisfy the requirements. There is some freedom of choice in ¢; and ¢, . The
values assigned to ¢;% and c¢,? can be interchanged without affecting the result, and
there are two choices for the square root. One assignment is

¢ = 2-1ein/8, €y = 2711018, (68)
Thus it has been shown that
E{f(x(7) | x(1) = 0}

1 1
= % j [ re e plu  7) - 27208 et play, 7)) iy iy (69)

is satisfied when f(x(7)) is a polynomial of degree five.
As the second example we consider an approximation which is exact for poly-
nomials of degree seven. To this end we construct

B(ua T) = ClP(”l s T) + C2P(u2 ’ T) + C3P(u3 ’ T)a (70)

analogous to Eq. (57), and attempt to satisfy

B 150 = 0 = g [ [ [ fOw o) dnduds, 1)
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for polynomials of degree seven. This leads to conditions represented by Eqs. (59)
and (60), mutatis mutandis, and the condition

1 1 1 1
§ f 1 f 1 J. 1 B(ll, 71)0(u9 72) 9(”5 TG) dul duZ du3 = Z b(Tl 3 Tz)b(7'3 N T4)b(’7’5 N ’7'6),
S (72)

where the sum is to be interpreted as in Eq. (16). The new Eq. (59) now yields the
condition

et el=1, (73)

the new Eq. (60) now yields the pair of conditions
o et 4 et =0, (74)
e %¢s? 4 6% + ¢l = 1, (75)

and, finally, the Eq. (72) yields the three conditions

b F 6’ 4 ¢t =0, (76)

crles? + o6t + erfes? + efest F ces® + et = 0, 77
22,2 _ | 78

C1°Co°C3° = ——3'— . ( )

The expressions on the left of Eqs. (73), (75), and (78) are known as the elementary
symmetric functions of ¢;%, ¢,%, and ¢;*. Denoting these elemenatry symmetric
functions by g, , 0,, and o, , we have

o1 = ¢® + ¢,f -+ ¢4, (79)
oy = ;%0 + ¢ifcs? + %y (80)
03 = C;2c,%c4%. (81)

By the fundamental theorem on symmetric functions [11], any symmetric poly-
nomial in ¢% ¢, cg? can be expressed in terms of a;, o,, and o, . Therefore,
among the conditions represented by Egs. (73)-(78) which must be satisfied,
Egs. (73), (75), and (78) form an independent set. In terms of the ¢’s, the con-
ditions which must be satisfied are

oy =1, g2 — 20, = 0, o, = 1/2,

a8 — 60,0, + 1205 = 0, 0,0, — 303 = 0, oy = 1/3!.

(82)
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It is easy to verify that when o, , o,, o5 are given by the first, third, and last of
these equations, then the remaining ones are satisfied. Finally, observe that the
polynomial

23— 022+ 0,z —063=0 (83)

has roots ¢,%, ¢c,%, cg%; hence the particular values for ¢,2, ¢,%, and ¢;* which we seek
are given as the roots of the polynomial

28— 2% + (%) z— (_3T) = 0. (84)

These values will guarantee that Eq. (71) will be satisfied for polynomial functionals,
of degree seven.
Now let us turn to the general problem, namely we seek numbers ¢, , ¢, ,..., ¢, in

0(“, T) = clp(ul ) T) + c2P(u2 > T) + e + CnP(un 3 T)’ (85)

such that
BUGE) 150) = 0 = o [ [ o [ f0u ) don diy -y, (86)

for f(x(7)) a polynomial functional of degree 2n 4 1.

It is evident from the special cases already considered that we will be led to a
system of equations based on the even symmetric polynomials of ¢;2, c,2,..., ¢,2.
If we denote the kth elementary symmetric function by oy, then this system of
equations is succinctly expressed by

o, = 1/k!, k=1,2,.n @87
and the requirement that the other symmetric polynomials which arise must
vanish. The latter requirement is actually unnecessary since Eq. (87) implies that

this requirement is satisfied. The proof is as follows. The symmetric polynomials
which are required to vanish are homogeneous of degree #, and have the form

Ploa s 2y a0) = (6 He) - (e (88)

where at least one «; , say «; , must satisfy the inequality

= 2. (89)
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Consider the powers of o, and define @, , D5 ,..., D, by

oy = C12 _+_ 622 4 e + ana
a2 = 2lg, + Dy,
0'13 = 3!0'3 + @3 .

(90)

o" = nlo, + D, .

Since any symmetric polynomial can be expressed in terms of the elementary
symmetric polynomials,

p(al k] 0‘2 sy O"n) =f(al 3 02 3y O'n), (91)
and by Eq. (90)
P(OCI s Olg 5eeey O‘n) = g(0'1 ’ ¢2 EAM ] (pn) (92)

Now because of the inequality, Eq. (89), every term in g(oy, D, ,..., ?,) must
contain a factor of @; for some i, otherwise, it would contain a term o,” which
implies a term on the right of Eq. (88) with all o; = 1. But Egs. (87) and (90) imply

&, =0, (i=23,.,n), 93)

hence p(a, , o3 ,..., ;) = 0. This completes the proof.
Finally, we observe that the polynomial

Pu(2) = 2" — 032" 4 gz — - 4 (—=D" o, 94)
has roots ¢, c,%,..., ¢,2; hence, by the conditions expressed by Eq. (87), the values
of ¢%, ¢,2,..., ¢, we seek are given by the roots of the polynomial

1 |
pn(z) = z" — zn—l + 7!_zn—2 e + (_l)n _n_‘ . (95)

It is interesting to observe that p,(z) may be obtained by truncating the power series
for zre-1/7,
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